In this paper, we generalize Ying's model of linguistic quantifiers [M.S. Ying, Linguistic quantifiers modeled by Sugeno integrals, Artificial Intelligence, 170 (2006) 581-606] to intuitionistic linguistic quantifiers. An intuitionistic linguistic quantifier is represented by a family of intuitionistic fuzzy-valued fuzzy measures and the intuitionistic truth value (the degrees of satisfaction and non-satisfaction) of a quantified proposition is calculated by using intuitionistic fuzzy-valued fuzzy integral. Description of a quantifier by intuitionistic fuzzy-valued fuzzy measures allows us to take into account differences in understanding the meaning of the quantifier by different persons. If the intuitionistic fuzzy linguistic quantifiers are taken to be linguistic fuzzy quantifiers, then our model reduces to Ying's model. Some excellent logical properties of intuitionistic linguistic quantifiers are obtained including a prenex norm form theorem. A simple example is presented to illustrate the use of intuitionistic linguistic quantifiers.
Introduction
It is well-known that quantification is a very important topic in knowledge representation and reasoning, since quantifiers have the ability of summarizing the properties of a class of objects without enumerating them.
1,2 Fuzzy quantification is suitable for coping with problems such as database querying, 2 data summarization, 3 decision making, 3, 4 expert systems, 4 etc. Accordingly, linguistic quantification has attracted a good deal of attention from researchers.
Quantifiers in natural languages are usually vague in some sense. Some repre-sentative examples of linguistic quantifiers with vagueness are: several, most, much, not many, very many, not very many, few, quite a few, large number, small number, close to five, approximately ten, frequently, etc. 5 As pointed out in Ref. 2 , it is clear that two-valued logic is not suited to cope with vague quantifiers. There has been, therefore, increasing interest about logical treatment of quantifiers in human languages in the fuzzy logic community. Indeed, sometimes fuzzy logic permits a more precise representation of the kind of quantifiers in various natural languages.
Zadeh 5 first introduced a fuzzy set theoretic approach to linguistic quantifiers. According to Zadeh, linguistic quantifiers, which relate close to the cardinalities of fuzzy sets, are considered as fuzzy numbers. Moreover, the truth value of a linguistically quantified statement is obtained by calculating the cardinality of the fuzzy set determined by the fuzzy predicate and then finding the compatibility between this cardinality and the involved quantifier. Since then, a large amount of investigations 1−3,6−13 relating to linguistic quantifiers have been made based on fuzzy set theory. For example, Ying 2 introduced a novel framework for modeling quantifiers in natural languages in which each linguistic quantifier is represented by a family of fuzzy measures, and the truth value of a quantified proposition is evaluated by using Sugeno's integral. Atanassov 14−16 introduced the concept of intuitionistic fuzzy set characterized by a membership function and a non-membership function, which is a generalization of fuzzy set. 17 As pointed out in Ref. 18 , description of a quantifier by Atanassov's intuitionistic fuzzy sets instead of fuzzy sets allows us to take into account differences in understanding the meaning of the quantifier by different persons. Szmidt and Kacprzyk 18 introduced intuitionistic fuzzy linguistic quantifiers, which play an important role in models where Atanassov's intuitionistic fuzzy sets are applied. 18−22 The proposed method in Ref. 18 of finding the truth value of intuitionistic fuzzy linguistic quantifiers is consistent with that one proposed by Zadeh 5 for fuzzy quantifiers. And till now, few versions of intuitionistic linguistic quantifiers based on Atanassov's intuitionistic fuzzy set theory are proposed to be compatible with their counterparts based on fuzzy set theory. This paper generalizes Ying's model of linguistic quantifiers 2 to intuitionistic linguistic quantifiers. In this model, intuitionistic linguistic quantifiers are represented by intuitionistic fuzzy-valued fuzzy measures. More concretely, a quantifier Q is seen as a family of intuitionistic fuzzy measures indexed by nonempty sets. For each nonempty set X, the two coordinates of the intuitionistic fuzzy value Q X (E) express the degrees of satisfaction and non-satisfaction of a linguistically quantified proposition "Q Xs are As" when A is a crisp predicate and the set of elements in X satisfying A is E. In general case where predicates are vague, the intuitionistic truth value (the degrees of satisfaction and non-satisfaction) of a quantified statement is then evaluated by intuitionistic fuzzy-valued integral.
The advantage of this model is that representing a quantifier by intuitionistic fuzzy-valued fuzzy measures enables us to consider differences in understanding the meaning of the quantifier by different persons. Moreover, this paper generalizes Ying's model, encompasses it as a special case, and thus is consistent with Ying's model. Some excellent logical properties of intuitionistic linguistic quantifiers are obtained too. For example, a prenex normal form theorem for intuitionistic linguistic quantifiers is established so that it behaves as the prenex normal form theorem in the classical logic. It should be pointed out that this paper only deals with intuitionistic linguistic quantifiers which are increasing in the sense of intuitionistic fuzzy values, because intuitionistic fuzzy-valued fuzzy measures assume monotonicity. As a result, quantifiers such as several, few, quite a few, small number, not many, not very many, close to five, approximately ten cannot be modeled in our framework.
The rest of this paper is organized as follows. In Section 2, we present some definitions and results which are needed in the following sections. In Section 3, a first order language with intuitionisic linguistic quantifiers based on intuitionistic fuzzyvalued fuzzy measures and integrals is established from both syntactic and semantic perspectives. We investigate logical properties of intuitionistic linguistic quantifiers. Section 4 presents a simple application of intuitionistic linguistic quantifiers to the multi-criteria decision making problems. Section 5 concludes the present paper and points out some problems for further studies.
Preliminaries
We first give the definition of intuitionistic fuzzy sets and some operators on them.
Definition 1.
14−16 An Atanassov's intuitionistic fuzzy set (shortly AIFS) on a universe X is an object of the form
where µÃ(x) (∈ [0, 1]) is called the "degree of membership of x inÃ", νÃ(x) (∈ [0, 1]) is called the "degree of non-membership of x inÃ", and where µÃ and νÃ satisfy the following condition:
The amount πÃ(x) = 1 − µÃ(x) − νÃ(x) is called the hesitation part, which may cater to either membership value or non-membership value or both.
Note that both µÃ and νÃ can be seen as fuzzy sets on X (that are not completely independent from each other, because of the condition that the sum of the two degrees should be less than or equal to 1).
Definition 2.
14−16 IfÃ andB are two AIFSs on the set X, then (i)Ã B iff (∀x ∈ X)[µÃ(x) µB(x) and νÃ(x) νB(x)];
(ii)Ã B iffB Ã ; 
Obviously every fuzzy set has the form
Now we present the lattice L which will be very useful in the sequel. The set of intuitionistic fuzzy values
which is important in Atanassov's intuitionistic fuzzy set theory is a complete lattice 23, 24 by
for each M ⊆ L. (Here and in the following, ∧ and ∨ denote usual infimum and supremum operations respectively when they are applied to numbers in [0, 1]). Equivalently, this lattice can also be defined as an algebraic structure (L, , ) where the meet operator and the join operator are defined as follows, for
Following this, an AIFSÃ on X is an intuitionistic fuzzy-valued mapping from X to L.
In what follows we will always use the following notation: if α ∈ L, then α 1 is the first coordinate and α 2 is the second coordinate of α; ifÃ is an Atanassov's intuitionistic fuzzy set on X, thenÃ (1) andÃ (2) denote µÃ(x) and νÃ(x) respectively.
Definition 3.
25 Let X be a nonempty set. A Borel field (or σ-algebra) over X is a subset A of 2 X satisfying the next conditions:
A typical example of Borel field over a nonempty set X is the power set 2 X of X. For simplicity, in the present paper, we will mainly consider this special Borel field. This often shortens the presentation and proof of our results.
Definition 4.
25 If X is a nonempty set and A is a Borel field over X, then (X, A ) is called a measurable space.
In Ref. 25 , a fuzzy measure over a measurable space (X, A ) is defined as a set function v :
Definition 5.
26 An intuitionistic fuzzy-valued fuzzy measure over a measurable space (X, A ) is a map m : A → L with the following properties:
For any measurable space (X, A ), we write IF M (X, A ) for the set of all intuitionistic fuzzy-valued fuzzy measures on (X, A ). In fact, m can be represented by (m (1) , m (2) ), where m 
Obviously, every fuzzy measure v on (X, A ) can be represented by an intuitionistic fuzzy-valued measure (v, 1 − v).
Intuitively, m (1) (E) and m (2) (E) express someone's subjective evaluation of the degrees of satisfaction and non-satisfaction of the statement "x is in E" respectively in a situation in which he guesses whether x is in E.
Recall that (see Ref. 25 ) for a measurable space (X, A ), a mapping h : X → [0, 1] is said to be A -measurable if h r ∈ A for all r ∈ [0, 1], where h r = {x ∈ X : h(x) r}.
Definition 6.
26 Let (X, A ) be a measurable space andf :
for every α ∈ L.
The following lemma reduces the measurability of intuitionistic fuzzy-valued mapping to the measurability of its components.
Lemma 1.
26 Let A be a Borel field on X andf : X → L,
for every x ∈ X. The intuitionistic fuzzy-valued mappingf is A -measurable if and only iff (1) andf (2) are A -measurable.
It is easy to verify the following lemma.
then the Sugeno integral on A with respect to the fuzzy measure v, which is denoted by (S)
Moreover, there hold (i) If A is taken to be 2 X , then
(iii) Let X = {x 1 , . . . , x n } be a finite set and h :
where X i = {x i , x i+1 , . . . , x n } for 1 i n.
Next we give the Sugeno integral of an intuitionistic fuzzy-valued mapping, on a crisp set, with respect to an intuitionistic fuzzy-valued fuzzy measure.
Definition 7.
26 Let (X, A ) be a measurable space, m : A → L be an intuitionistic fuzzy-valued fuzzy measure andf : X → L be an A -measurable intuitionistic fuzzy-valued mapping. The Sugeno integral off on A ∈ A with respect to m, denoted by
is defined by
The following lemma presents a simplified calculation method of the integral.
) be an A -measurable intuitionistic fuzzy-valued mapping. Then
Based on Lemma 3, the Sugeno integral of the intuitionistic fuzzy-valued mapping
) can be expressed with the Sugeno integral of the componentsf (1) andf (2) as follows.
) be an intuitionistic fuzzy-valued fuzzy measure andf : X → L,f = (f (1) ,f (2) ) be an A -measurable intuitionistic fuzzy-valued mapping. Then
is the usual Sugeno integral off (1) with respect to m (1) ,
and, for symmetry, α 2 is defined by
In what follows, if h is a mapping from X to [0, 1], then h is defined by h(x) = 1 − h(x) for all x ∈ X; if v is a fuzzy measure on a measurable space (X, A ), then
) is an intuitionistic fuzzy-valued fuzzy measure on a measurable space (X, A ), then m is defined by m = (m (2) , m (1) ); if r is a real number in [0, 1], then r is defined by
Now we present some results needed to prove the prenex normal form theorem in Section 3. 
(ii) If the Borel field A is the power set 2 X of X, then
that is,
(iv) If X = {x 1 , . . . , x n } is a finite set, then
i )]
(ii) By Lemma 4, it suffices to show that
There hold
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(iii) For the first equality, by Lemma 4, it is sufficient to verify that
We have
Similarly, the second equality holds.
(iv) By Lemma 4, it suffices to show that 
Proof. 
Proof.
Proof. See Lemma 3.4 of Ref. 28.
A First Order Language with Intuitionistic Fuzzy Quantifiers and Its Logical Properties
There are many versions of linguistic quantifiers based on fuzzy set theory but few versions of intuitionistic linguistic quantifiers based on intuitionistic fuzzy set theory. In this paper, following Ying's idea in Ref. 2 , we represent an intuitionistic fuzzy quantifier by a family of intuitionistic fuzzy-valued fuzzy measures, thus generalizing Ying's model to intuitionistic fuzzy quantifiers and including Ying's model as a special case.
Definition 8. An intuitionistic fuzzy quantifier (or intuitionistic fuzzy quantifier for short) consists of the following two items: (i) each nonempty set X is endowed with a Borel field A X ; and (ii) a choice function
of the (proper) class {IF M (X, A X ) : (X, A X ) is a measurable space}.
Remark 1. Fuzzy quantifiers defined in Ref. 2 is a special case of intuitionistic fuzzy quantifiers.
Example 1. The simplest intuitionistic fuzzy quantifiers are the intuitionistic universal quantifier ∀ ="all" and the intuitionistic existential quantifier ∃ ="some" which could be defined as follows, respectively: for any set X and for any E ⊆ X,
Example 2. The fuzzy majority "most" may be given as
for any E ∈ A , where µ is a finite measure on (X, A ), that is, a mapping µ :
is a countable pairwise disjoint sub-family of A . The fuzzy majority "almost all" may be given as
for any E ∈ A . In particular, if X is a nonempty finite set, then we let µ be the cardinality of E.
Remark 2. Note that the meanings of a quantifier may be different according to different persons, therefore representing a quantifier by intuitionistic fuzzy-valued fuzzy measures enables us to take into consideration differences in understanding the meaning of the quantifier by various persons. For example, the fuzzy majority "most" may also be defined by another person as
for any E ∈ A .
The next definition presents some operations of intuitionsitic fuzzy quantifiers.
Definition 9. Let Q, Q 1 and Q 2 be intuitionsitic fuzzy quantifiers. Then the dual Q * of Q, and the meet Q 1 Q 2 and union Q 1 Q 2 of Q 1 and Q 2 are defined respectively as follows: for any nonempty set X and for any E ∈ A X ,
Now we establish a first order language L q with intuitionistic linguistic quantifiers from both syntactic and semantic aspects.
Definition 10.
2 The alphabet of L q is given as follows: (i) A countable set of individual variables: x 0 , x 1 , x 2 , . . .; (ii) A set P = ∞ n=0 P n of predicate symbols, where P n is the set of all n-place predicate symbols for each n 0. we assume that The syntax of L q is then presented by the next definition.
Definition 11. The set of well-formed formulas (or Wff for short) is the smallest set of symbol strings satisfying the following conditions:
(i) If n 0, P ∈ P n , and x 1 , . . . , x n are individual variables, then P (x 1 , . . . , x n ) ∈ Wff;
(ii) If Q is an intuitionistic fuzzy quantifier, x is an individual variable, and ϕ ∈ Wff, then (Qx)ϕ ∈ Wff; and (iii) If ϕ, ϕ 1 , ϕ 2 ∈ Wff, then ¬ϕ, ϕ 1 ∧ ϕ 2 ∈ Wff.
For convenience, we introduce some abbreviations:
Here we omit the detailed definitions of free variable and bound variable, which can be introduced in a standard way.
The semantics of L q is given by the following two definitions. (ii) For any n 0, we associate the individual variable x i with an element x I i in X; and (iii) For any n 0 and for any P ∈ P n , there is a A n -measurable intuitionistic fuzzy-valued function
For the sake of simplicity, in the sequel, it is assumed that the Borel field A in the domain (X, A ) of an intuitionistic interpretation I is always taken to be the power set 2 X of X, and the Borel field A X equipped with a nonempty set X is also 2 X for any intuitionistic fuzzy quantifier Q.
Definition 13. Let I be an intuitionistic interpretation. Then the intuitionistic truth value T I (ϕ) of a formula ϕ under I is defined recursively as follows:
(i) If ϕ = P (x 1 , . . . , x n ), then
(ii) If ϕ = (Qx)ψ, then
where X is the domain of I, T I{./x} (ψ) : X → L is an intuitionistic fuzzy-valued mapping such that
for all u ∈ X, and I{u/x} is the intuitionistic interpretation which differs from I only in the assignment of the individual variable x, i.e., y I{u/x} = y I for all y = x and x I{u/x} = u; (iii) If ϕ = ¬ψ, then
Definition 14. Let ϕ, ψ ∈ Wff. If T I (ϕ) = T I (ψ) for each intuitionistic interpretation I, then we say that ϕ and ψ are equivalent, written ϕ ≡ ψ. Proposition 1. Let Q be an intuitionistic fuzzy quantifier and x an individual variable, and let ϕ ∈ Wff. Then for any intuitionistic interpretation I with domain X, we have
and
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Proof. For any intuitionistic interpretation I with domain X, we have
Similarly, we have
Proposition 2. For any intuitionistic fuzzy quantifier Q and for any ϕ ∈ Wff, if I is an intuitionistic interpretation with the domain X = {u}, then
This shows that the quantification degenerates on a singleton discourse universe. Now we consider the logical properties of intuitionistic linguistic quantifiers. First we observe the function of dual quantifiers. Theorem 1. For any intuitionistic fuzzy quantifier Q and for any ϕ ∈ Wff, we have
where Q * is the dual of Q.
Proof. Firstly, we prove that (
>r )] (by Lemma 8)
>r )],
• m (by Lemma 6 and 7)
Then for each intuitionistic interpretation I with domain X,
Theorem 2. For any intuitionistic fuzzy quantifier Q and for any ϕ, ψ ∈ Wff, if individual variable x is not free in ψ, then we have
Proof. Since x is not free in ψ, we have for all u ∈ X, T I{u/x} (ψ) = T I (ψ).
For any intuitionistic interpretation I, there hold
Combining the results of Theorem 1 and Theorem 2, we obtain a prenex normal form theorem for logical formulas with intuitionistic linguistic quantifiers. 
where n 0, Q 1 , . . . , Q n are intuitionistic fuzzy quantifiers, and φ ∈Wff does not contain any intuitionistic fuzzy quantifier. 
(ii)
Proof. (i) For any intuitionistic interpretation I with domain X, by Lemma 5(i) we have
Conversely, there hold
β1 )],
α2∨β2 )]
(1)
(ii) For any intuitionistic interpretation I with domain X, we have
α1 )],
α2 )]
Application to Multi-criteria Decision Making Problems
In this section, we simply illustrate the use of intuitionistic linguistic qantifiers in multi-criteria decision making problems.
Example 3. Assume X = {x 1 , . . . , x n } is a collection of criteria to be satisfied. Let S = {s 1 , . . . , s m } be a set of possible solution alternatives. For any s j ∈ S and for any criterion x i , the two coordinates of x i (s j ) ∈ L indicate the degrees of membership and non-membership of the alternative s j satisfies the criterion x i , respectively. In other words, the evaluation of the alternative s j with respect to the criterion x i is an Atanassov's intuitionistic fuzzy set. We desire to find out the most preferred alternative such that "Q of criteria are satisfied by it", where Q is an intuitionistic linguistic quantifier with domain X. By "the most preferred alternative" we mean the alternative with the higher degree of satisfiability and lower degree of non-satisfiability as well as lower degree of hesitation to the evaluation, following De's idea in Ref. 29 . If we represent "the criterion x is satisfied" by ϕ(x), then we solve the above problem as follows:
where I j is the intuitionistic interpretation given by an Atanassov's intuitionistic fuzzy set s jx on X (denoted by Atanassov's notation) For a concrete example, consider an air-condition system selection problem which was discussed in Ref. 30, 31 . Suppose there exist three alternative aircondition systems S = {s 1 , s 2 , s 3 } and three criteria X = {x 1 , x 2 , x 3 } are taken into consideration in the selection problem, where x 1 , x 2 and x 3 represent "economical", "function" and "being operative", respectively. We assume that the degrees of membership and non-membership of the alternative s j satisfying the criterion x i are those presented in Table 1 . Take Q="almost all" given by Example 2, that is,
for any E ⊆ X, where µ(E) is the cardinality of E. Then by calculations using Lemma 5(iv), we have Thus s 1 is the optimum candidate.
Conclusions and Further Work
In this paper, we generalize Ying's model of linguistic quantifiers 2 to intuitionistic linguistic quantifiers. An intuitionistic linguistic quantifier is represented by a family of intuitionistic fuzzy-valued fuzzy measures and the intuitionistic truth value of a quantified proposition is calculated by using intuitionsitic fuzzy-valued fuzzy integral. If the intuitionistic fuzzy linguistic quantifiers are taken to be linguistic fuzzy quantifiers, then our model reduces to Ying's model. Some nice logical properties of intuitionistic linguistic quantifiers are obtained. A simple example is presented to illustrate the use of intuitionistic linguistic quantifiers.
It is obvious that many problems can be formulated as subjects of further researches in this topic. For example, the authors 32 represented fuzzy quantifiers by fuzzy measures and adopted Choquet integrals for the evaluation of quantified propositions, thus it is a problem whether Choquet integral type of intuitionistic fuzzy-valued fuzzy integral could be properly defined and used to model intuitionistic linguistic quantifiers.
